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ABSTRACT: The Schrodinger equation is up-to-a-phase invariant under the Galilei group. This 
phase leads to the Bargmann's superselection rule, which forbids the existence of the superposition 
of states with different masses and implies that unstable particles cannot be described consistently in 
non-relativistic quantum mechanics. In this paper we claim that Bargmann's rule neglects physical 
effects and that a proper description of non-relativistic quantum mechanics requires to take into 
account this phase through the Extended Galilei group and the definition of its action on spacetime 
coordinates. 
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1 Introduction 

The Schrodinger equation is not invariant under pure Galilean boosts, but up-to-a-phase invariant. 
This implies that there is not a unitary representation of the Galilei group in the Hilbcrt space of a non- 
relativistic particle, but a projective representation^ [2 [2]. ^he Galilei projective representation can be 
understood as a unitary representation of the Extended Galilei group, a central extension of the Galilei 
group [TJ[2] and it yields to the Bargmann's superselection rule, i.e., the impossibility of consistently 
describing superposition of states with different mass in non-relativistic quantum mechanics [3] . 

However, the phase u> (see footnote) associated with the mentioned projective representation de- 
scribes physical effects, i.e., it is related to relativistic time differences between the corresponding 
inertial observers to order 1/c 2 . Moreover, as pointed out by Greenberger [3], there are physical sit- 
uations that the superselection rule neglects, e.g., binding energy effects which "show up as inertial 
mass when one transforms to another system [of reference]". Also, Giulini has remarked that for the 
mass to define a superselection rule, it has to have spectrum and then, it has to be dynamical and the 
conjugate momentum of a canonical coordinate [5]. 

The situation is, as Anandan put it, that the symmetry group of non-relativistic quantum mechan- 
ics (Extended Galilei group) is different to the spacetime's one (Galilei group) [BJ. And the Bargmann's 
rule arises from assuming that the symmetry group describing the world in the low velocity limit is 
the Galilei group and the phase associated with the Extended group is unphysical. 

In this paper we claim, echoing previous works [4, 7, [HI IS] 5 that the phase ui is physically meaningful, 
we provide as an example of which the Sagnac effect and contrast it with the argument behind 
the Bargmann's rule. Thus, we propose that a consistent description of non-relativistic quantum 
mechanics requires to realize that the symmetry of the physical world in the non-relativistic limit is 
given by the extended Galilei group, and then that we should define an action of it on the coordinates 
of spacetime consistent with its representation in the corresponding Hilbert space. 



2 Bargmann's superselection rule 

It is well known that the Schrodinger equation is invariant under Galilean transformations up-to-a- 
phase. To see this, let us assume that the Schrodinger equation in the presence of a scalar potential 
V is valid in an inertial reference frame S with coordinates (x, t), i.e., 

ihd t yj(x, t) = (mc 2 - |^-V 2 + V{x, t)j V>(x, t), (1) 

and then, let us define another inertial reference frame S' with coordinates (x',t') related to the 
unprimed ones by the following Galilean transformation, x' = x — vt and t' — t, which imply that 
d' t = dt + v • V and V' = V, where v is a constant three dimensional real vector. In the frame S', Eq. 
(JTJ) can be written as: 

M t V'(x' ) f')=( m c 2 -^V' 2 + r(x' ) t')j^(x' ) f) ) (2) 

with 

V>'(x', t') = e' im ( v2t / 2 - v - x )/V(x, t), (3) 

and V'(x.',t') — V(x, t). The relation © is the standard transformation expression for the wavefunc- 
tion under a Galilean boost and it implies that the probability density is a Galilean scalar when m € K 
although the wavefunction is not. As it is also well known, under a space translation by a £ I 3 the 



1 In general, for a projective representation, two elements g,g' of the Galilei group are represented in the Hilbert 
space by operators U g and U„i such that U g U g i = u)(g, g')U g . g i , with |o)| = 1. 
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wavefunction transforms as ^ a (x + a, t) — iphc,t), where ip a = e _jPa / ?i '0 with Pi being the spacial 
translation generator along the i-th coordinate^. 

The relation ^ traduces in that the representation of the Galilei group in the Hilbert space 
of a non-relativistic particle is not a true unitary representation but a projective one. Projective 
representations are physically relevant because pure states are represented by rays in the Hilbert 
space. 

As a consequence of the above mentioned projective representation arises the Bargmann's super- 
selection rule, i.e., the impossibility of describing superposition of states with different mass in a 
consistent way. In order to see this, we will reproduce here the original Bargmann's argument [3]. 
Suppose ip(x, t) = ipmi ( x , t) + ipm 2 ( x , t) is a superposition of the states with two masses in an inertial 
reference frame S. Now let us perform the following composed transformation: a translation (by a) 
and then a boost (by v) followed by a translation (by —a) and finally a boost (by — v) to return 
to the original inertial system S with coordinates (x, t). In the light of the transformation laws for 
the wavefunction under boosts ([3]) and spacial translations, it is not difficult to see that under the 
previous composed transformation the wavefunction -0(x, t) yields: 

<Kx, t) = e m ^l% ni (x, t) + e imjv ' a /^ ms (x, t), (4) 

which is equal to ^( x , t) (modulo a phase) only if the Bargmann's superselection rule is imposed, i.e., 
mi = mi. 



2.1 Relativistic remnants 

The phase appearing in expression @ and giving rise to the Bargmann's rule, however, has a physical 
origin. To understand where it comes from it is required to look into the relativistic case [7J [5J [H] . 
The Klein-Gordon equation, 

fid 2 „ 2 m 2 c 2 \ Ll . n 

with the ansatz: 

<P(x) = e- imc2t /V(x,t), (6) 

reduces to: 

- |-V 2 V(x, t) = ihdMx, t) - -^a t V(x, t), (7) 
zm Zmc 

and then by neglecting the last term in the r.h.s. of the above equation in the limit c — > oo, the 
Schrodinger equation is obtained. Now, since <j> is a scalar, it follows from © that the wavefunctions 
for two Lorentz inertial observers are related by: 

V/(x',i') = e 4mc2(t '-* )/r V(x,i) = e 4m ( v2 */ 2 - v - x) /'V(x,t) + C(I/c 2 ), 

such that in the non-relativistic limit, the previous expression reduces precisely to relation @. Thus, 
the phase in relation ^ can be identified as some relativistic remnant: it is the time difference of 
order I/c 2 between the different inertial observers. 

Consequently, by imposing the Bargmann's superselection rule we may be neglecting physical 
effects. We claim that this is indeed the case. In fact, it has been suggested that the phase shift 
observed in the COW experiment 0] as well as the Sagnac effect O [10] may lead to such a situation 
(for the experimental measurement of such effects see [TT] [T2], respectively). We will focus in the 
latter effect in the following subsection. 



Latin indexes label spacial coordinates, i.e., i,j = 1,2,3. 
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2.2 Sagnac effect 



Consider a device (source/detector) mounted on the extreme of a disk of radius R. Suppose that the 
device can emit two equal signals restricted to move along circular paths whose center is the disk's, 
with the same velocity and in opposite directions. Now, the disk is set into rotation around its center 
with angular velocity f2. We would like to know if there is a detectable physical effect due to the 
rotation when they arrived back to the emission point. We can describe the previous system from 
both, the non-relativistic and relativistic frameworks and they produce different results [51 [T3] • 

Non-relativistically, both signals arrive at the same time at the detector and if the signals are 
Galilean invariant waves, their phases are equal such that there is not interference. This result can be 
obtained by an observer in a laboratory frame and also by a comoving observer (which can be thought 
of as an instantaneous inertial Galilean observer). 

Relativistically, on the other hand, the two signals do not arrive at the same time, but with a 
difference At = 4irR 2 Q/\/c 2 — Q 2 R 2 (as measured by a comoving observer) [13]. This time difference 
traduces in the phase difference Acf> = AirR 2 Vlijj / \f c 2 — il 2 R 2 , where u> is the signal frequency. Again, 
this result can be obtained by an observer in a laboratory frame and also by a comoving observer 
(which can be thought of as an instantaneous inertial Lorentzian observer). By using the Einstein- 
Planck relation Hu) = mc 2 / ' y/l — v 2 /c 2 and taking the non-relativistic limit, the above phase difference 
reduces to A^at = ^R 2 mVl/h. 

Now, quantum mechanically, the signals' phases transform according to the projective representa- 
tion © such that its difference corresponds to 



with t = 7r/f2. 

Consequently, if a Sagnac-like experiment is performed with a superposition of states with different 
masses ip = ip mi + ip m2 > we would expect to obtain an interference term similar to the one obtained 
from the Bargmann's superselection rule (j4|) and we know that it makes sense physically, so then we 
do not have to impose any superselection rule. 

3 Extended Galilei group 

The projective representation of the Galilei group we found is equivalent to a true unitary represen- 
tation of the extended Galilei group [J [2J [5] , which consists of introducing another generator M that 
commutes with all other Galilei group generators and such that the corresponding algebra remains 
the same except for the relation [Ci ,Pj] = MSij , where C, is the Galilean boost generator along the 
i-th coordinate. In terms of this group, the Bargmann composed transformation is represented by 



which is not the group identity (as was for the Galilei group). 

In order to see that the previous result is physically meaningful, let us compare with the relativistic 
case. In the Poincare algebra the commutator between the boost generators K and the spacial 
translations P is given by [Ki, Pj] = HSij/c 2 , which reduces precisely to the commutator between Ci 
and Pj to leading order in the non-relativistic limit. Correspondingly, the relativistic version of the 
transformation considered by Bargmann can be written, up to C(l/c 2 ), as: 



A0ATQM 



m(v + nR) 2 t/2h — m(v — nR) 2 t/2h = A(/) N> 



e -iv-C/h e -iP-a/h e iv-C/h e iP-a/h _ giAfa-v/Ti 



(8) 



g-iv-K/^g-ia-P/Rgiv-K/rigia-P/S 




(9) 



and accordingly, under the above transformation, the coordinates of the event (x, t) are given by 
(x',t') = (x + (v ■ a)v/2c 2 ,t + v ■ a/c 2 ) + C(l/c 4 ). Then the non-relativistic limit of expression 
(0) reduces precisely to expression © and it produces a relativistic displacement in the coordinates 
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of spacetime. Therefore, the transformation considered in Bargmann's argument produces a non- 
relativistic phase when acting on the wavefunction of a non-relativistic quantum particle which can 
be identified as the relativistic time difference between the corresponding inertial observers. 

The bottom line is that we should identify M as the generator of time translations of order 1 /c 2 
(c/. r.h.s. of relation ((SJ). And then, the proper description of superposition of states with different 
masses requires to define an action of the extended Galilei group on the coordinates of Newtoninan 
spacetime which is consistent with its action on the Hilbert space, in particular, we need to define how 
M transforms the coordinates of an event such that under the transformation © , we obtain (at least 
the time coordinate in) the relativistic relation for (x',t') up to order O(c ). As claimed by Guilini 
[5], such description implies that the mass must be dynamical and, accordingly, we have to introduce 
its conjugate coordinate (the correction of C(l/c 2 ) to relativistic time), and then, it may be required 
to modify the notion of Newtonian spacetime. Such a discussion is presented somewhere else |14j . 
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